This paper presents a layer-wise stress and deformation analysis of a three-layer beam configuration consisting of two dissimilar orthotropic adherends of different thicknesses that are joined together by a deformable interlayer of finite thickness. Analytical solutions for the case of three-point flexure loading are presented for both compressible and incompressible interlayers. Parametric analysis reveals the influences of asymmetry of moduli and adherend thicknesses, interlayer thickness, and overhang of the beams on the beam compliance. Analytical predictions of beam compliance show very good agreement with finite element results. Experimental measurements of compliance of various unsymmetric beams consisting of aluminum adherends separated by a rubber interlayer were performed in order to validate the analysis. Excellent agreement between measured and predicted compliance values was observed.
Introduction
Numerous applications can benefit from the incorporation of shear-deformable interlayers by tailoring load paths, providing energy dissipation and controlling overall structural deformation. Mahdi and Gillespie (2004) have shown that a compliant interlayer in protective armor can effectively decouple the ceramic strike face from the composite backing plate to limit tensile stress in the ceramic that can cause premature structural failure while at the same time improving energy dissipation. Recently, there has been increasing interest in the automotive industry in replacing steel leaf springs with composite leaf springs. It has been found that a thin rubber interlayer undergoing intense shear deformation improves the damping in such springs (Kristensen et al., 2008) .
Design of structures containing a shear-deformable interlayer requires a firm understanding of the role of thicknesses of the adherends and the thickness and stiffness of the interlayer in its ability to moderate the static and dynamic behaviors of the structure. Most analysis of beam and plate elements of such structures to date are based on finite element analysis, see Davila and Chen (2000) and Mahdi and Gillespie (2004) , since it is widely recognized that the large local shear deformation of the layer prohibits the use of ordinary beam and plate theories (Gere and Timoshenko, 1984; Timoshenko and Woinowsky-Krieger, 1959 ) and first-order shear deformation theory (Whitney, 1987) . Reddy (1984) presented a higher-order theory that has gained much acceptance and implementation in a finite element formulation by Nayak et al. (2004) . This formulation is an effective single-layer plate theory which does not allow specification of boundary conditions for the individual layers. More recently, Hohe et al. (2006) transverse compressibility of the core. Again, the theory emphasizes the overall structural response of the sandwich. Proper analysis of structures with a flexible interlayer demands layer-wise theories such as the one pioneered by Frostig et al. (1991 Frostig et al. ( , 1992 . They developed a superposition analysis to determine the effects of transverse flexibility of the core in sandwich beams with a thick flexible core. A more recent review article by Frostig (2003) presents a comparison between classical shear deformation analysis, elastic foundation models, and higher-order layerwise analysis based on variational principles.
The present work is an extension of the analysis of a symmetric beam configuration presented in an earlier paper by . The aim is to develop a model of the global bending behavior of unsymmetric sandwich beams. The intention is not to study local phenomena. The approach is similar to the model presented by Frostig et al. (1991) although we use a direct solution technique that bypasses their intricate superposition solution. It will be shown that our solution displays a more complex interaction between peel and shear stresses in the flexible interlayer than indicated by the superposition analysis of Frostig et al. (1991) .
Governing equations
Similar to an earlier paper by the authors , we will specifically consider a three-point flexure loaded layered beam with adherends labeled # 1 (top) and bottom (# 2) joined by a flexible interlayer of thickness, t, see Fig. 1 . The span length is L and the overhang length is c. The x coordinate is zero at the left support. The layer-wise approach used in the earlier paper ) is extended to the unsymmetric beam configuration.
The adherends are assumed to deform according to classical beam theory, i.e. plane cross-sections remain plane and perpendicular to the adherend axis. The displacements of the adherends are described by the longitudinal and vertical displacements of the adherends' centroids, u i and w i (i = 1, 2), respectively. Thus, the longitudinal displacements are assumed to vary linearly across the thickness of the top and bottom layers of the beam. The thickness change of the adherends is considered negligible as compared to the thickness change of the flexible interlayer. Hence, the vertical displacements of the adherends are assumed to be constant across the thickness of the top and bottom layers of the beam. The interlayer is assumed to have a stiffness which is orders of magnitude smaller than the stiffness of the adherends. Thus, the longitudinal stiffness of the interlayer can be neglected. This means that longitudinal equilibrium is fulfilled by a shear stress, s, which is constant through the thickness of the interlayer. In order to fulfil vertical equilibrium, the peel stresses at the upper and lower edges of the interlayer, r 1 and r 2 , must be different for the case of a varying shear stress, see Fig. 2 . The interlayer is allowed to deform in peel and shear and is assumed to be linearly elastic. This means that the variation across the thickness of the interlayer is assumed to be linear for the longitudinal displacements and quadratic for the vertical displacements.
The modeling approach shares several elements with the classical solution for adhesive joints with an infinitesimally thin compliant adhesive layer originally presented by Goland and Reissner (1944) and subsequently further developed by several authors (e.g. Cornell, 1953; Hart-Smith, 1973; Bigwood and Crocombe, 1989; Alfredsson and Högberg, 2008) . The present solution is an extension to interlayers of finite thickness of the solution presented by Alfredsson and Högberg (2008) .
The governing equations are derived by requiring that each of the small elements of the adherends (# 1 and 2) in Hence, the actual stresses are. r 1 = r s + r a and r 2 = r s À r a .
Since the interlayer is considered to have a finite thickness, it will carry part of the total shear force, V, see Fig. 4 . Thus, the shear stress in the interlayer will interact with the normal stresses acting on the top and bottom surfaces of the interlayer to form the vertical equilibrium of the flexible interlayer, Fig. 2 2r a ðxÞ ¼ ts 0 ðxÞ ð5Þ
The equilibrium equations are supplemented by the constitutive equations for the elastically deforming adherends. For the case of plane stress they read The relative axial and transverse displacements of the beam centers are, Fig. 5 uðxÞ ¼ u 2 ðxÞ À u 1 ðxÞ; wðxÞ ¼ w 2 ðxÞ À w 1 ðxÞ ð 8a; bÞ where u 1 and u 2 are the horizontal displacements of adherends 1 and 2 ( Fig. 5a ) and w 1 and w 2 are the deflections of the adherends. It is noted that the relative deflection, w, represents the thickness change of the interlayer, provided that the thickness changes of the adherends are neglected. The flexibility of the interlayer allows for different rotations (w 0 1 and w 0 2 ) of the two adherends. The rotations and the relative axial displacement, u, contribute to the shear deformation of the layer, m. For the case of zero rotations, the shear deformation equals the relative axial displacement, see Fig. 5a . In order to account for rotations and obtain an expression for the shear deformation, the rotations of the adherends are split into symmetric (s) and antisymmetric (a) parts as illustrated in Fig. 5b 
From Eqs. (8a) and (9) and (10) the shear deformation of the interlayer becomes
The solution of the governing equations depends on whether or not the interlayer is compressible. The two cases of (i) a compressible interlayer and (ii) an incompressible interlayer are treated separately in Sections 3 and 4 to follow.
Solution for a compressible interlayer
The solution strategy is to first determine a general solution for the deformations of the interlayer, v(x) and w(x), and then derive a general solution for the individual displacements of the adherends, w i (x) and u i (x).
Deformation of the interlayer
The axial displacements of the adherends, u i and deflections w i , can be eliminated from Eqs. (1-11), see Appendix A. The result is two differential equations for the relative deflection and shear deformation B @ 1 C As 0 ðxÞ þ 6 1
These equations are independent of the constitutive model for the interlayer.
It is recognized that only the symmetric part of the normal stress, r s , contributes to the thickness change of the interlayer, see Fig. 3 . For the case of a very thin flexible interlayer it can be shown that it is appropriate to assume zero in-plane layer strains (e xx and e yy ) of the interlayer (Klarbring, 1991) . This implies that an effective Young's modulus, E P E, should be used for the elongational stiffness. This concept is adopted here also for cases where the interlayer is not thin compared to the adherends. This assumption should be justified by the large mismatch in the stiffnesses of the adherends and the interlayer. Linear-elastic isotropic behavior of the flexible interlayer is assumed as 
where S i (i = 1, 2, 3, . . ., 7) are seven integration constants. The so called wave-numbers j p and j s are given by
Thus, for a balanced system, j p and j s , replace B and C as cross-sectional parameters.
Unbalanced configuration
For such a case, however, the two coupled differential equations (14) may be transformed into two uncoupled differential equations of higher-order w VI ðxÞ À Cw IV ðxÞ þ Bw 00 ðxÞ þ ðAD À BCÞwðxÞ ¼ 0 ð19aÞ
Note the similarity of these two equations. For the relative deflection, w, Eq. (19a), a general solution in the form w(x) = e rx leads to the characteristic equation
Eq. (20) is a third order equation in r 2 , the roots of which may be found in a mathematical handbook, for example (Råde and Westergren, 1990) . Two roots are complex and conjugate roots, and one of the three roots is real and non-negative. This results in six roots, r i , of the form r 1;2;3;4 ¼ AEj 1 AE ij 2 ; r 5;6 ¼ AEj 3 ð21a; bÞ where j 1, 2, 3 are real positive numbers. These roots have units of inverse length (m
À1
) and represent an inverse length scale of the solution.
For the shear deformation, v, Eq. (19b), the roots of the characteristic equation are the same as in Eq. (21), but an additional root, r 7 = 0, appears. The general solutions of Eq. (19) are thus given by wðxÞ ¼ e
vðxÞ ¼ e
The integration constants, K 1À6 and K 1À6 , are dependent. The relations are found by inserting the general solution, Eq. (22), into one of Eq. (14), which yields
ð23a; bÞ
ð23e; fÞ where
Hence, also for the unbalanced case, seven independent integration constants, K i (i = 1, 2, 3,. . .,7) emerge.
Displacements of the adherends
The governing equations derived in Section 2 can be used to obtain a solution for the displacements of each of the two adherends, see Appendix B. The following solutions apply to a general unbalanced configuration. The deflections are given by
where Q = BC À AD, and the span length, L, has been introduced as a normalizing factor. The axial displacements of the center of each adherend are given by
where
The solution for a balanced system is obtained by replacing K 7 with S 7 and setting A = D = 0 in Eqs. (25) and (26). The expressions for the interlayer deformation, v and w, are given by Eq. (17) (balanced) and (22) (unbalanced). Each of these expressions contain seven integration constants, (K 1 À 7 or S 1 À 7 ). Five new integration constants I 1 À 5 appear in the expressions for the individual displacements, cf. Eqs. (25) and (26). Thus, the general solution contains 12 independent constants, which are determined from boundary conditions. It may here be noted that even though the model used in the present paper is similar to the one developed by Frostig et al. (1991) , our solution (Eqs. (25) and (26)) displays a more complex interaction between peel and shear stresses in the flexible interlayer.
Boundary conditions in the form of prescribed displacements or rotations, u i , w i or w (7), (13a) and (15a).
3.3. Solution for three-point flexure specimen 3.3.1. Boundary conditions for beams without overhang Consider first a beam without overhang, i.e., c = 0 in Fig. 1 . Due to symmetry only the left half of the layered beam, 0 6 x < L/2, is considered. The deflections and axial displacements of the adherends are given by Eqs. (25) and (26). The solutions for the displacements contain 12 integration constants (K 1 À 7 and I 1 À 5 ). Hence, 12 boundary conditions are needed. Boundary conditions may be formulated by considering the symmetry section of the three-point flexure configuration shown in Fig. 4 . Symmetry is modelled by the roller support at x = L/2. A load of magnitude P/2 is introduced on the top surface at the symmetry section. At this section the lower beam does not carry any shear force, i.e. V 1 (L/2) = P/2 and V 2 (L/2) = 0, see 
Boundary conditions for beams with overhang
Consider next a beam with overhang, i.e. c > 0 in Fig. 1 . Only the left half symmetry section of the beam, Àc 6 x 6 L/2, is considered. The deflections and axial displacements of the adherends are given by Eqs. (25) and (26). The solution contains 24 integration constants; 12 (K 1 À 7 and I 1 À 5 ) for the overhang part, Àc 6 x 6 0, and another 12 for the loaded region, 0 6 x 6 L/2. Thus, the solution requires in total 24 conditions. At the point of load introduction (x = L/2), the six boundary conditions are identical to the case without overhang, i.e. V 1 = P/2 and u 1 , u 2 , w The free end (x = Àc) is not subjected to any external loads. This means that the normal forces, N 1 and N 2 , and the bending moments, M 1 and M 2 , are all zero. However, in the present formulation, the shear stress in the interlayer is directly connected to the shear deformation of the interlayer, Eq. (13a), which may not be zero at a free end. Hence, the formulation does not allow for a zero interlayer shear stress at a free boundary. Due to equilibrium it also becomes impossible to guarantee vanishing of the shear forces, V 1 and V 2 , since these are required to compensate for the non-zero shear stress at the free end of the interlayer, see Fig. 4b . There is no unambiguous way to split the spurious shear forces in the two adherends. Here, the shear forces are split in proportion to the bending stiffnesses of the adherends, i.e. V 1 ðÀcÞ=ðE 1 h 3 1 Þ ¼ V 2 ðÀcÞ=ðE 2 h 3 2 Þ. In order to fulfil the condition of zero external vertical load at the free end, the total shear force, V ¼ V 1 þ V 2 þ bts, is set to zero. With these six conditions at the left free end (x = Àc), 12 conditions at the left support (x = 0) and six conditions at the loading point (x = L/2), a system of 24 equations is formed.
The fact that the model can only achieve approximate boundary condition at a free end might introduce spurious stresses. However, these are likely to be present only in the vicinity of the free end. The focus of the present paper is to obtain global measures, such as the load point compliance, which will not be affected by the end-effects to any measurable extent.
Solution and extraction of compliance and stresses
For the case of no overhang, the 12 integration constants may be used to form a 12 Â 12 system of equations. If an overhang is present the 24 integration constants are determined from a 24 Â 24 system of equations formed from the boundary conditions described previously. Some of the coefficients of the systems of equations contain quite a number of terms. Here, the MATLAB Ò symbolic tool box is used to form the coefficients symbolically. The system of equations is solved numerically using a MATLAB Ò built-in matrix inversion tool. Once the integration constants have been determined, the deformation of the interlayer is given by Eq. (17) or (22), depending on whether the configuration is balanced or unbalanced. The stresses in the interlayer are subsequently determined from Eqs. (4), (5) and (13), and the displacements of the adherends from Eqs. (25) and (26). Here, the compliance of the three-point flexure specimen, C = w 1 (L/2)/P, is of special interest. The stress resultants, N 1,2 , M 1,2 and V 1,2 , are found from Eqs. (6), (7) and (28).
Stresses in the adherends
The axial normal stress in each adherend is given by Navier's formula
where z 1 and z 2 are coordinates in the vertical direction measuring the distance from the middle plane of each adherend, see Fig. 6 . The shear stress in each adherend is determined from longitudinal equilibrium of 'cut-out' sections of the adherends, see Fig. 6 s 1 ðx; z 1 Þ ¼ À 
where the positive/negative signs apply for the upper/lower adherend (i = 1, 2). Normalized coordinates, z i ¼ 2z i =h i , have been introduced, i.e. z i ¼ Ç1 at the free outer surfaces, z i ¼ 0 at the adherend centroid and z i AE 1 at the interlayer/adherend interface, respectively. According to Eq. (31), the shear stress distribution in an adherend consists of one part proportional to the shear stress in the interlayer and another part proportional to the shear force in the adherend. It is seen that both parts satisfy the traction-free outer surfaces of the adherends, i.e. s i (x, Ç 1) = 0. At the interlayer/adherend interface, the shear stress equals the shear stress in the interlayer, i.e. s i (x, ±1) = s(x), as expected. The shear stress in the adherends due to the transverse shear force is parabolically distributed, i.e. precisely as in classical beam theory (Gere and Timoshenko, 1984) . Also the shear stress in the adherends due to the interlayer shear stress is parabolically distributed over the cross section. As expected, this part of the shear stress distribution has a zero resultant.
The transverse normal stress, r zi is determined from vertical equilibrium of the 'cut-out' pieces of the adherends, Fig. 6 r z1 ðx; zÞ ¼ À 
Hence, the transverse normal stress in an adherend consists of two parts; one proportional to the symmetric part of the normal stress on the interlayer, r s , and another one proportional to the antisymmetric part, r a , cf. Eq. (4).
Solution for an incompressible interlayer
For the case of an incompressible interlayer (m = 1/2) the effective Young's modulus, E, is infinitely large, cf. Eq. (13b). A different solution procedure than in the previous section must then be followed. The consequence of the incompressibility is that the thickness stretch of the interlayer, w, is zero along the entire beam. According to Eq. (8b) this means that the deflection of the two adherends are identical, i.e. w 1 (x) w 2 (x). This is utilized in the following derivation, where entities of adherend #1 are eliminated in favour of entities of adherend #2. The following dimensionless quantities are introduced: Eqs. (35) and (37) show that for incompressible interlayers it is not possible to independently prescribe bending moments and shear forces on the two adherends. All displacements and stress resultants of adherend #1 have now been eliminated. The derivation for symmetric beams presented by is here generalized to the unsymmetric case. Hence, the deflection, w 2 , and the longitudinal displacement, u 2 , are eliminated to form an equation in the shear deformation of the interlayer. This leads to a second order differential equation (see Appendix C) 
is the constant shear stress in the interlayer obtained by ordinary beam theory (Gere and Timoshenko, 1984) , and
A beam with symmetric overhang, i.e. c > 0 in Fig. 1 , is considered. Due to symmetry, only the left part, Àc 6 x 6 L/2, is studied. The general solution to Eq. (38) 
From this equation it also follows that not only v but also v 0 are continuous when no concentrated longitudinal forces or moments are applied to the adherends.
According to Eq. (42), the boundary conditions at the free left end is m 0 (Àc) = 0. At midspan the shear deformation vanishes, i.e. m(L/2) = 0. Moreover, both v and v 0 must be continuous at the support, x = 0. With these four conditions, the integration constants become
À2jc e jL=2 þ e Àjð2cþL=2Þ ð43bÞ
The longitudinal force, N 2 , is obtained by integration of Eq. (1b)
The bending moment in the adherends is determined from equilibrium and Eq. (35)
With the bending moment determined, the deflection, w 2 (x), is determined by integration of Eq. (7b). With the boundary conditions, w 2 (0) = 0 and w 0 2 (L/2) = 0, the compliance, C oh = w 2 (L/2)/P, takes the form
where C bt is the compliance of a three-layer beam according to ordinary beam theory
Eq. (46) is a generalization of the compliance derived for symmetric beams in . The compliance, C oh , is a complex function of the geometry and material properties of the adherends and interlayer. In order to gain further insight, beams without and with overhang are discussed separately below.
Beams without overhang
For beams without overhang (c = 0), Eq. (46) yields
There are two effects of the interlayer thickness on the compliance: (i) With increasing interlayer thickness the beam thickness increases, which tends to reduce the global compliance. This is termed 'the thickness effect'. If only the thickness effect is accounted for, the compliance equals C bt , Eq. (47), i.e. the compliance predicted by ordinary beam theory; (ii) With increasing interlayer thickness the shear flexibility of the interlayer increases, which will increase the global compliance. This is called 'the flexibility effect' in . The flexibility effect is isolated by assuming that the interlayer thickness is small compared to the thickness of the adherends, i.e. f ( 1, Eq. (34c). For this case the global compliance, C, becomes
where C 0 is the compliance when the two adherends are rigidly connected with a layer of zero thickness
The function f(b) quantifies the decoupling of the adherends that occurs by shear deformation of the interlayer
where b is a de-coupling parameter
The factor F in Eq. (49) is defined in terms of the adherend parameters R and g as
This factor describes the relative increase of the compliance from a fully coupled to a fully decoupled state (G varies from 1 to 0). Fig. 7 displays the variation of F with the material and geometry factors, R and g, defined by
; bÞ g ¼ 1=2, which shows that the compliance remains the same if the adherends #1 and #2 are switched. Fig. 8 shows the decoupling function, f, plotted versus the decoupling factor, b (Eqs. (51) and (52)). b is varied by (for example) varying the layer shear modulus, G. When G % 0, b ? 1, and the two adherends become effectively disconnected; C ? (1+F)C 0 C slide , where C slide is the compliance for two beams stacked frictionless on top of each other. For a layer that is rigid in shear, G ? 1, f (b) approaches zero, and the two adherends become fully coupled (C = C 0 ).
To relate the ''fully coupled" and ''fully decoupled" asymptotic states in terms of values of the parameter b (Fig. 8) , we require 99 and 1% increases, respectively, of the maximum possible increase of the compliance (Eq. (49)). These extremes correspond, respectively, to f = 0.99 and 0.01 in Eq. (51), and b values of 79 (fully decoupled) and 0.0071 (fully coupled), respectively.
Beams with overhang
As shown in the previous publication , the presence of an overhang (c > 0) will restrict sliding deformations of the adherends, and reduce the global compliance, i.e. C oh < C. However, the global compliance cannot be reduced indefinitely. For large values of the overhang the global compliance, C oh in Eq. (46), approaches an asymptotic value
For jc > 3 the limit value of the compliance, C 1 , is a very good approximation to C oh , regardless of the span length. From Eqs.
(40) and (55) it follows that the limit value of the overhang is obtained at an overhang length of
Hence, for any overhang length greater than c 1 , the compliance will be very close to the limit value of the compliance, C 1 .
Applied results
In order to study the influence of material unsymmetry on the compliance of the asymmetric beams, parametric analysis is conducted. A specific beam is considered as a baseline. The top adherend is given the effective properties of a stiff surface To achieve insight in the response of the beam configurations considered, the variation of the decoupling parameter b, cf. Eq. (52) is examined. Fig. 9 shows the variation of b with the interlayer thickness for span lengths, L = 0.2, 0.5 and 1 m. In the interval of the interlayer thickness studied, 0.1 6 t 6 10 mm, full decoupling is expected only for the shortest span length, L = 0.2 m, at an interlayer thickness close to 10 mm. However, overall, all three configurations in (49) reveals that the compliance is expected to increase by a maximum of 98, 94 and 81% as compared to a fully coupled beam with zero interlayer thickness. These values are approximate and overestimate the compliance increase since they are based on a negligible interlayer thickness. For some of the geometries considered the interlayer thickness is comparable to the thickness of the adherends.
Results for the influence of the finite thickness of the layer on the compliance are shown in Fig. 10 . The solid lines represent the results for incompressible interlayers (m = 0.5) and the dotted lines the results for a slightly compressible interlayer (m = 0.49). For short beams with thick interlayers, the compliance predicted assuming incompressibility falls below the one obtained assuming compressibility. The effect of the compression on the compliance is smaller for large span lengths. as the interlayer are modeled with continuum elements. For details of the FE-model the reader is referred to , where similar simulations are performed on symmetric beams. The results of the FE-model are indicated by the discrete points in Fig. 10 . Since less constraints are introduced in the FE-model, it yields compliance values which slightly exceed those from the analytical beam theory models, but the difference is overall quite small. It is also seen that the increasing trend of the compliance for large values of the interlayer thickness is well captured.
Experiments
The validity of the analyses presented above was examined by testing unsymmetric beams with a flexible interlayer in three-point flexure. The beams consisted of dissimilar aluminum adherends connected by an adhesively bonded rubber layer. Table 1 details the thicknesses and widths of the adherends and the rubber layer. The tests were conducted on asymmetric beams at a constant span length, L = 20.3 cm, and at overhang lengths; c = 2.54, 5.08, 7.62, 10.2 and 12.7 cm. Such a set of beam configurations was achieved by testing the beams with the longest overhang first. After the test, the beam was removed from the fixture, and sections of 2.54 cm length were cut from each end. This procedure was repeated until the overhang length was 2.54 cm on each side. Details of specimen preparation, testing and data reduction for the beam compliance are presented in the earlier publication by . The publication also details measurement of the shear modulus (G) of the rubber layer; G = 3.11 MPa. Young's modulus (E 1,2 ) of the aluminum adherends was measured from a three-point flexure test on one of the adherends before assembly of the layered beam. This test provided E 1,2 = 70 GPa, in good agreement with handbook values. Fig. 11 shows compliance of the beam vs. overhang length. The open circles represent experimental test data determined as described above and the continuous curve represents predictions from Eq. (46). It is verified that the presence of an overhang reduces the compliance, and the test data are in very good agreement with the beam model predictions.
Concluding remarks
Layer-wise analysis of the stresses and deflection of a three-layer beam configuration consisting of two dissimilar orthotropic adherends of different thicknesses that are joined together by a flexible interlayer has been presented. The adherends are assumed to deform according to beam theory and the interlayer may deform in the thickness direction and in shear. The model is similar to the model presented by Frostig et al. (1991) , although the present solution reveals a more complex interaction between extensional and shear stresses in the flexible interlayer. Both compressible and incompressible interlayers are considered in the formulation and analytical solutions are obtained for the case of three-point flexure loading. A closed-form solution is presented for the case of an incompressible interlayer and equations expressing conditions on mechanical coupling of the adherends by the interlayer are derived in dimensionless form. The analysis revealed that configurations where the moduli and thicknesses of the adherends (1 and 2) are matched according to E 1 h 2 1 ¼ E 2 h 2 2 (balanced) have the largest potential for compliance increase by reduction of the interlayer shear modulus.
The analytical solutions agreed closely with finite element results. Experimental measurements of compliance of various unsymmetric beams consisting of aluminum adherends separated by a rubber interlayer were performed over a range of overhang lengths in order to validate the analysis. Excellent agreement between measured and predicted compliance values was observed. 
where eight new integration constants appear. Now, the difference of these two expressions is formed. By use of Eq. (15a,b) it follows:
w 2 ðxÞ À w 1 ðxÞ ¼ wðxÞ
According to the definition of the deformation of the interlayer, w(x), Eq. (8b), we must have
and thus I 0 ¼ I 0 ; I 1 ¼ I 1 ; I 2 ¼ I 2 ; I 3 ¼ I 3 ðB6a-dÞ
General solutions of the axial displacements in the adherends will be derived. From Eq. (A1) with (13) 
Next, this expressions is inserted into Eq. (B7) and integrated twice
The integration constants, I 4,5 and I 4;5 are not independent. Their interrelation can be revealed by consideration of the shear deformation v(x). Substitution of Eqs. (B3) and (B9) into Eqs. (8a) and (11) yields
According to Eqs. (B8) and (B10), we must have 1 8
Thus, the integration constants are interrelated through
Insertion of Eqs. (B6) and (B12) into Eqs. (B3) and (B9) gives Eqs. (25) and (26) in the main text.
